Critical Path Method (CPM
INTRODUCTION
The Critical Path Method (CPM) is a vital tool for the planning and control of complex projects. The successful implementation of CPM requires the availability of a clearly defined duration for each activity. However, in practical situations there are many cases where the activity duration can not be presented in a precise manner.
For construction projects, on account of long duration of the construction and risks that accompany this process, it is often very difficult or almost impossible to accurately predict the duration of an activity, and consequently to take it for granted that the given activity will be finished on the very same day that is given in the dynamic plan of construction.
In engineering practice, durations of different activities are usually taken from productivities rates for man-hours calculation, which are often too generalized and sometimes obviously not accurate. For example, productivity rates for man-hours calculation for in-situ reinforcement fixing are based only on total amount of the reinforcing steel [1] , regardless of the Author's address: Kazimir Kurij, University Union Nikola Tesla, Faculty of Construction Management, Belgrade, Cara Dušana 62-64
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pattern complexity which can greatly affect time needed for proper placing, tying and control. Because of that, patterns consisting of 12Ø16 and 3Ø32 bars, respectively, have exactly the same total amount of steel and consequently the same theoretical number of man-hours needed for placing and fixing, although it is obvious that such result would not be realistic, as was proven in studies [2] [3] [4] . Besides that, Proverbs at al. [5] have proven that productivity rates can significantly wary from country to country. All the above mentioned problems can lead to an unreliable dynamic plan for a given construction project.
Deterministic version of CPM, known in practice for decades, is characterized by the fact that the duration of any activity in the network diagram is known and expressed deterministically (by exactly one number). However, it would be more realistic to have the duration of any construction activity and deadline for its accomplishment in the dynamic plan of construction expressed as an interval of a few days rather than one specific day (date).
The first solution of this problem has emerged in the form of PERT (Program Evaluation and Review Technique) method, which is based on the theory of probability. But there is a problem in the application of this method in practice because there are no norms with defined optimistic, normal and pessimistic durations of the activities.
A possible solution of this problem would be to use the fuzzy logic to create dynamic construction plans. Implementation of fuzzy logic and fuzzy sets would offer a new alternative -the development of the Fuzzy Critical Path Method (FCPM) for the analysis of time in the network diagram considering uncertain duration of construction activities. In the other words, it would apply the fuzzy theory instead of the probability theory.
In the literature there are many works that deal with the definition of fuzzy critical paths in a network diagram [6, 7] . The basic assumption is that the duration of any given activity can be expressed by a fuzzy number, which requires knowledge of the relevant algebraic operations with fuzzy numbers, ranking of fuzzy numbers and defuzzyfication.
This paper presents an analytical method for finding the critical path in the fuzzy precedence network diagram, which applies the method of defuzzificating total float (slack time) of every activity in the network diagram.
FUZZY NUMBERS
In this study, duration of a given activity (marked with DUR) is represented by a trapezoidal fuzzy number ft ij = (a ij , b ij , c ij , d ij ,), as shown in /;
The formulation of fuzzy numbers that would define the durations of construction activities can be achieved by the expert methods, or by asking four experienced professionals (experts) for the duration of activities.
Algebraic operations with fuzzy numbers
In order to carry out necessary steps in creating and analysis of the network diagram, one has to know elementary algebraic operations with fuzzy numbers.
Addition of fuzzy numbers is conducted as follows [8] :
while the subtraction is conducted as [8] :
Defuzzification
Comparison of fuzzy numbers is not always easy, especially if they are partly overlapping each other. To make it possible, it is necessary to conduct defuzzification, i.e. to translate them into real numbers.
In the literature one can find more than forty different methods for comparison and ranking fuzzy numbers. In this study, the following formula was used for defuzzification of a given fuzzy number FN (a, b, c, d) and translating it into real number [9] :
This defuzzification formula can not be applied to the trapezoidal fuzzy number with equal elements because that would be a crisp number [8] .
CPM IN FUZZY NETWORK DIAGRAMS
CPM is an analysis technique with three main purposes:
• To calculate the project finish date;
• To identify to what extent each activity in the schedule can slip (float) without delaying the project; • To identify the activities with the highest risk, i.e. the ones that cannot slip without changing project finish date. The process of defining fuzzy critical path (FC-PM) is the same as in the deterministic critical path method (CPM), but with using fuzzy numbers and the relevant algebraic operations [7] .
Precedence diagramming places the activities on the nodes and uses arrows between the nodes to show the sequence between each activity. Such node is represented by a square, normally divided into 7-9 boxes. Each box contains information such as activity name, its duration (DUR), early start and finish (ES, EF), late start and finish (LS, LF) and floats like free float and total float (TF) [4] . Since there are no sta-ndards for organization of these boxes, an adequate legend has to be provided with a precedence diagram to show a meaning of each box, as shown in Figure 2 .
Figure 2 -The legend of activities in a precedence
network diagram Application of the fuzzy critical path method will be illustrated by the example presented in Figure 3 .
Figure 3 -Precedence network diagram numbers
Durations for given activities were obtained from four different sources (experts) and their values are presented in Table 1 . Therefore, their fuzzy annotations are as follows: A(4, 6, 6, 8), B(6, 9, 10, 12), C(2, 4, 5, 7), D(3, 5, 6, 7), E(1, 3, 6, 9) and F(6, 9, 9, 12).
Activities Start and End are so-called milestone activities, which means that they just represent significant events so they have no duration, i.e. their values are Start (0, 0, 0, 0) and End (0, 0, 0, 0).
CRITICAL PATH ANALYSIS
CPM uses activity durations and relationships between activities to calculate schedule dates. This calculation is done in three passes through the activities in a given project:
• forward pass calculation;
• backward pass calculation; • total float.
Forward pass
The forward pass is the first part of the CPM calculation procedure. The purpose of the forward pass is to determine the earliest moment in which the activities can finish or start without impacting the overall project.
The procedure starts with the first activity in the schedule and placing the project start date in the early start time box (ES) of milestone activity "Start", where the term "milestone activity" denotes activity with zero duration that typically represents a significant event, usually the beginning and/or the end of the project.
Many projects are scheduled according to work days and therefore, if the weather impact is not considered or if it is not otherwise instructed, a project may be assumed to start on a day zero.
Consequently, the early start time of the activity "Start" is ES start = (0, 0, 0, 0).
If we denote the duration of any activity as DUR, its early finish time (EF) can be calculated as:
Early finish time (EF) of the activity "Start" will be: 
The early finish time of any given activity becomes the early start time of its subsequent activities (Figure 4) . 
For activities with multiple priors, the ES for any activity is the greatest (i.e. the latest) EF of all preceding activities, based upon network logic (Fig.  5 ).
Figure 5 -Early start in case of multiple preceding activities
In example presented in Fig.3 , activity F has two preceding activities (E and B) so it will be: In order to determin which of the obtained values is greater, it is necessary to apply the defuzzification formula (4) to calculate real values of given fuzzy numbers.
According to (4) , fuzzy numbers (6, 9, 10, 12) and (5, 9, 12, 17) can be translated into real numbers as follows: Since 10.8 is greater than 9.19, the number (5, 9, 12, 17) is greater than (6, 9,10,12) and therefore ES(F) = (5, 9, 12, 17).
All calculated values of ES and EF for activities given in a network diagram in Fig. 3 are presented in Tab 2. 
Backward Pass
The backward pass is the second step of the CPM calculation procedure and its purpose is to determine the latest moment that an activity can finish or start without impacting the overall project.
Backward pass calculation should be startedwith the last activity in the network and performed towards the first activity in the network.
The first step in the backward pass is to take the early finish time of the last activity in the schedule as the late finish time (LF) of that activity, i.e. EF END = LF END (Figure 6 ).
Figure 6 -Early and late finish of the last activity
Once the last activity's late finish time has been set, one can calculate the activity's late start time (LS) by subtracting the activity duration (DUR) from the late finish time:
The late start time of any given activity becomes the late finish time for its preceding activity or activities (Fig. 7) . In case of activities with multiple successors, the late finish time of a given activity is the earliest of the successors' late start times (Fig 8) . 
Comparison of obtained fuzzy numbers will be possible after defuzzification in accordance with (4). 
Fuzzy number (−10,3,9,22) is equivalent to the real number 6. Therefore:
The calculated values of LF and LS of all activities in a network diagram are presented in Tab. 3 
Total Float
The third part of schedule calculation using CPM is the calculation of the total float or slack time.
Total float (TF) is the amount of time by which an activity (or a whole chain of activities) can be delayed from its early start without delaying the contract completion date. The total float for any activity can be calculated as:
Calculated values of total float for activities in a network diagram in Figure 3 are presented in Table 3 .
Although total float has to be calculated and reported for every activity in a network, it is an attribute of a network path and therefore not associated with any specific activity along the path.
For example, total float of the activity A, defined as TF A = (−18, −3, 3, 18), after defuzzification in accordance with (4), will be: 
which means that fuzzy number (-18,-3,3,18 ) is equivalent to the real number 0 (zero). In network diagrams, there are many possible paths, but the critical path is the one that extends from the start of the project to its end on which all total floats have the zero value. This means that the critical path for the given problem consists of activities Start, A, E, F and End ( Figure 9 ). Experts 1 and 2 would prognose the same total duration of the given project (18 days), but with significantly different critical paths and important data about starts and finishes of activities.
Experts 3 and 4 would prognose much longer duration of project (24 and 23 days, respectively), and they would also provide different critical paths.
The only solution consistent with the one obtained by the fuzzy critical path method is the one based on data provided by Expert 2, but there would also be some discrepancies considering starts, finishes and total floats of critical activities.
Of course, this does not mean that experts 1, 3 and 4 are not reliable, but that their opinions are based on different experiences and attitudes. If we presume that all data presented in Table 1 are relevant in a sufficient degree, it can be concluded that the solution obtained by the fuzzy critical path method is the most probable one because it includes remarkably different informations from four different but reliable sources and gives time limits not defined deterministically but probabilistically, i.e. as the time intervals.
It should be noted here that activities' durations in presented example are purposefully taken to be remarkably different in order to use small set of activities for illustrating how different opinions and sources can lead to significantly different conclusions and decisions. For example, in case of the activity E, it is highly unlikely that for the same activity one expert would prognose that it would last one day, while the other one would say it would be nine days. On the other hand, presented example has only six activities, while the real construction projects consist of several dozens or even hundreds of activities and therefore even small differences of a day or two can build up to a significant discrepancy in the total project duration or the critical path structure.
In figure 10 , it can be seen that results significantly vary considering the both most important aspects of the problem, i.e. the total duration of the project and the structure of the critical path. In practice, the duration of the construction activities in the dynamic construction plans is usually assessed on the basis of professional experience and a sense of experienced individuals. Therefore, the fuzzy logic and fuzzy numbers can be a very good choice and a suitable mathematical tool to solve the problem of imprecision and to avoid any subjectivity when considering the duration of construction activities.
Analytical method presented in this paper can be very effective tool for solving the problems of the dynamic construction plans.
